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Exercise Set 4

Exercise 4.1. Let S = {1, . . . , n} for some n ≥ 1.

(i) Suppose 0 ≤ k ≤ n − 1 and consider the bipartite graph G = (A∪̇B,E)
where

A := {X ⊆ S : |X| = k},
B := {Y ⊆ S : |Y | = k + 1},
E := {{X, Y } : X ∈ A, Y ∈ B, X ⊆ Y }.

Show that there is a matching covering A if k < n/2, and that there is a
matching covering B if k > n/2− 1.

(ii) Suppose F is a family of subsets of S with the property that no element of
F is contained in another element of F . Show that:

|F| ≤
(
n⌊
n
2

⌋)

and that this bound is tight (for every n).

(1+3 points)

Exercise 4.2. Consider the Bottleneck Matching Problem: Given an undi-
rected graph G with edge weights c : E(G) → R, find a perfect matching M (if
one exists) minimizing max{c(e) : e ∈M}.
Show how to solve the Bottleneck Matching Problem in O(nm logn) time
using a modified variant of Edmonds’ (unweighted) Perfect Matching algo-
rithm.

(4 points)

Exercise 4.3. Let G be a graph with edge weights c : E(G) → R and let M be
a matching in G with |M | = k that has minimum weight among all matchings
in G that contain exactly k edges. Let P be an M -augmenting path in G with
minimum gain. LetM ′ := M4E(P ). Prove thatM ′ has minimum weight among
all matchings in G that contain exactly k + 1 edges.

(4 points)
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Exercise 4.4. Let G be a graph with edge weights c : E(G) → R≥0. Let ν(G, c)
denote the maximum weight of a matching in G. Suppose M is a matching in G
for which there is no 2-augmentation with strictly positive gain. Show that

c(M) ≥ 2
3 ν(G, c).

(4 points)

Deadline: November 9th, before the lecture. The websites for lecture and exer-
cises can be found at:

http://www.or.uni-bonn.de/lectures/ws17/co_exercises/exercises.html

In case of any questions feel free to contact me at silvanus@or.uni-bonn.de.

http://www.or.uni-bonn.de/lectures/ws17/co_exercises/exercises.html
mailto:silvanus@or.uni-bonn.de

